We study supersymmetric solutions in 7-and 8-dimensional Abelian heterotic supergravity theories. In dimension 7, the solutions are described by G 2 with torsion equations. When a G 2 manifold has principal orbits S 3 × S 3 , the equations are reduced to ordinary differential equations with four radial functions. For these equations we obtain explicit ALC metrics with S 3 -bolt and T 1,1 -bolt singularities. In dimension 8, we study supersymmetric solutions to Spin (7) with torsion equations associated with 3-Sasakian manifolds by using a similar method to the case G 2 .
When G 2 -invariant 3-form Ω satisfies the condition
the corresponding G 2 metric is a Ricci-flat metric with G 2 holonomy [7] , which is obtained by solving the first order equations (1) . For the principal orbits CP (3) or S 3 × S 3 , the G 2 metrics have been studied [2] [8] [9] [10] [11] . Imposed on a cohomogeneity one ansatz, equations (1) reduce to ordinary differential equations. These equations were explicitly solved and asymptotically conical(AC) metrics [8] [9] and asymptotically locally conical(ALC) metrics [2] [10] [11] were constructed.
Similarly, the Spin(7)-structure is given by the condition
where Ψ is a Spin(7)-invariant 4-form which satisfies * Ψ = Ψ [12] . The corresponding metrics with Spin(7) holonomy are obtained in a similar method to the G 2 metrics. For Sp(2)/Sp(1) or SU (3)/U (1) principal orbits, the Spin(7) metrics have been studied [10] [11] [13] [14] [15] [16] .
By solving the defining equations for the G 2 -structure in the class W 7 ⊕ W 27 , supersymmetric solutions of the form R 1,2 × M 7 in type II supergravity theory were constructed [1] , where the flux H and the dilaton Φ were identified with 3-form torsion and Lee form, respectively. Similar to these solutions, we will solve the defining equations of the G 2 or Spin(7)-structure in the associated class with Abelian heterotic supergravity theory to obtain supersymmetric solutions. Unlike type II supergravity theory, Abelian heterotic supergravity theory additionally has a U (1) gauge field.
However, the field strength of the U (1) gauge field is determined algebraically and thus we will use a similar method to derive the supersymmetric solutions in Abelian heterotic theory. This will lead us to solutions in heterotic supergravity theory by recovering α ′ collection and using modified standard embedding [17] . Solutions that would be helpful in studying heterotic gauge fivebranes wrapping associative three cycles are expected [1] . Thus, we will construct the supersymmetric solutions in Abelian heterotic theory.
The remainder of this paper is organized as follows. We begin section 2 with a short explanation about Abelian heterotic supergravity theory. We also review a G 2 -structure associated with the heterotic supergravity theory. In section 3, we study the G 2 with torsion equations on cohomogeneity one manifold R + × S 3 × S 3 and derive the supersymmetric solutions for the resulting ordinary differential equations. In section 4, we review a Spin(7)-structure associated with the heterotic supergravity theory and derive the Spin(7) with torsion equations on 8-dimensional manifold R + × P , where P is a 3-Sasakian manifold. The supersymmetric solutions are briefly discussed by using a similar method to the G 2 case. The final section 5 is devoted to conclusion.
II. G 2 -STRUCTURE ASSOCIATED WITH SUPERGRAVITY
In this section, we review a G 2 -structure related with 7-dimensional Abelian heterotic supergravity theory. We first explain Abelian heterotic supergravity theory shortly. Next, we introduce the G 2 -structure and derive the fundamental equations describing supersymmetric equations.
A. Abelian heterotic supergravity
Let us consider the low energy effective theory with an α ′ expansion of heterotic string theory.
In this theory restricting the gauge group to U (1) and setting α ′ = 1, one obtains 10-dimensional Abelian heterotic supergravity theory. This system consists of a metric g, dilaton Φ, U (1) gauge field A and B field. Then the string frame Lagrangian is given by
where R represents a scalar curvature and F = dA. The 3-form flux H is given by H = dB +A∧dA, which satisfies the Bianchi identity
In addition, * represents the Hodge dual operator associated with the metric g. The equations of motion are written as
and the corresponding supersymmetric equations are
where χ denotes a Killing spinor. These equations (9), (10) and (11) are derived from the supersymmetry variation of gravitino, dilatino and gaugino, respectively.
It is known that if the fields satisfy the supersymmetric equations and Bianchi identity, they automatically solve the equations of motion [5] [6] . In this paper, we shall construct supersymmetric solutions in the heterotic theory. For this purpose, we consider 7-and 8-dimensional manifolds M n admitting G 2 and Spin(7) structures 1 . The corresponding 10-dimensional spacetimes are assumed to be of the form R 1,9−n × M n (n = 7, 8) where the fields are non-trivial only on M n .
B. G 2 -structure
A G 2 -structure over M 7 is a principal subbundle with fiber G 2 of the frame bundle F(M 7 ) [18] .
There is a one to one correspondence between G 2 structures and G 2 invariant 3-forms Ω. 
where e µ (µ = 1, · · · , 7) is an orthonormal frame of the metric, g = 7 µ=1 e µ ⊗ e µ and e µνρ = e µ ∧ e ν ∧ e ρ .
We consider the G 2 -structure Ω associated with heterotic supergravity. According to [19] , we
where Θ is the Lee form defined by
Then we have a unique connection ∇ T preserving the G 2 -structure with 3-form torsion [5] [19] [20]
i.e. ∇ T Ω = ∇ T g = 0. This structure belongs to the class W 1 ⊕ W 7 ⊕ W 27 in the classification by Fernández and Gray [7] (see also [21] ). It was shown in the papers [19] , [20] that there exists a non-trivial solution to both dilatino and gravitino Killing spinor equations in dimension 7 if and only if there exists a G 2 -structure satisfying (13) and
together with an exact Lee form Θ. Here (16) yields that this G 2 -structure is in the class W 7 ⊕W 27 .
If Θ = 0 and T = 0 one can find dΩ = 0 and d * Ω = 0, which are equivalent to ∇Ω = 0 and the corresponding metric is a Ricci-flat metric with G 2 holonomy. Now, we have the following
Thus we obtain
which means vanishing of supersymmetry variations for gravitino and dilatino, respectively. In addition, the supersymmetry variation for gaugino requires the generalized self-dual condition on
In general, 2-forms on M 7 are decomposed into G 2 irreducible representations under action of G 2 ,
where subscripts 7, 14 of ∧ 2 are dimensions of the representation. Thus the field strength F in (20) is in ∧ 2 14 . The Bianchi identity (4) gives a relation between T and F , which leads to a strong restriction for the field strength F . In summary, supersymmetric equations associated with Abelian heterotic supergravity theory are given by
The first equation is derived from (13) and (18) easily. In the following we call these equations G 2
with torsion equations or simply G 2 T equations. Thus it is enough to solve G 2 T equations so as to construct supersymmetric solutions.
III. G 2 SOLUTIONS IN 7-DIMENSIONAL ABELIAN HETEROTIC SUPERGRAVITY
In this section, we study G 2 T equations under cohomogeneity one ansatz. Then these equations are reduced to first order non-linear ordinary differential equations. We solve reduced equations numerically and also try to construct analytically solutions for these equations.
A. Cohomogeneity one ansatz
The G 2 T equations can be reduced to ordinary differential equations under cohomogeneity one ansatz. A G-manifold is called cohomogeneity one manifold if the principal orbits are hypersurfaces.
It is known that cohomogeneity one manifolds admitting G 2 -structures are classified into seven types [22] . In this paper we will consider the case when the principal orbits are S 3 × S 3 . Then the manifold is locally R + × S 3 × S 3 . Similar analysis can be done for the other orbits.
We consider the following metric with six radial functions
where σ i and Σ i are left invariant 1-forms on two SU(2) group manifolds which satisfy the relations
It is convenient to introduce an orthonormal frame e µ (µ = 1, · · · , 7) defined by
Then the G 2 -structure Ω takes the form (12), which automatically satisfy (24) . The dilaton Φ is explicitly calculated from (26), 
which clearly depend on only t.
One may think that the ansatz (29) is artificial. However the ansatz (29) is reasonable from the view of a half-flat structure. A G 2 structure and 7-dimensional metric on R + × S 3 × S 3 are
given by a one-parameter family of a half-flat structure on S 3 × S 3 [23] . A half-flat structure is one of SU (3)-structures, which is characterized by a pair (κ, γ), where κ is a symplectic form on S 3 × S 3 and γ is a real 3-form whose stabiliser is isomorphic to SL(3; C) and satisfies a condition
then the SU (3)-structure is called a half-flat structure [24] . Indeed the following half-flat pair (κ, γ),
leads to the six dimensional part of the metric (29) under certain parameters p i and q j .
The field strength F is restricted by (27) and (28) . Actually, we find F is classified into seven types, 
together with generalized self-dual relations 
We have already written down (24), (25), (26) and (27) under the cohomogeneity one ansatz.
The remaining G 2 T equation we should solve are (23) and (28) . The former is given by
and the latter is given by
which consist of differential equations and algebraic equations. The algebraic equations yields the 2 The field strength F = F14e 14 + F25e 25 + F36e 36 is exceptional. In this case, G2T equations lead to the solution F = 0, which was studied in the paper [1] .
following relations,
and a i , b i , H 126 and H 135 are determined by the differential equations (33), (41) and (42) :
Thus we have obtained G 2 T equations (44)-(51) under the cohomogeneity one ansatz with principal orbits S 3 × S 3 . It should be noticed that dilaton is given by (32), which is equivalent to
Note that it is automatically assured by (43)-(51) that the field strength F is closed two-form, dF = 0.
B. G 2 T solutions
In order to construct regular metrics satisfying (44)-(51), we shall look for solutions with bolt singularities at t = 0. There exist two types of bolt singularity corresponding to a collapsing S 3
or S 1 at t = 0. In the torsion free case, i.e. H µνρ = 0, these equations were studied by Cvetič,
Gibbons, Lü and Pope [10] [11] and they found Ricci-flat metrics with G 2 holonmy. These equations are also obtained from dΩ = 0 and d * Ω = 0. Let us turn to non-zero flux. Although (44)- (51) admit a Taylor expansion around t = 0, numerical analysis shows that global solution doesn't exist for general six radial functions a i (t), b i (t). Hence we study the reduced case,
Note that the Taylor expansion around t = 0 gives rise to H 135 = 0. By (53) and H 135 = 0 the reduced system is given by
Then, the algebraic equations (43) are written as
Now let us solve the equations (54)-(59). We put the form
where the radial function β 3 (t) is defined as the solution to the ensuing equations,
which are obtained by setting H 126 = 0 in (54)-(59). The function h(t) is determined as follows.
From (54)- (57), (61)- (65), we find the relation
which yields
Thus we have
Then the relation (61) is given by
and using (59), (66) and (68) leads to
For the positive constant k, the algebraic equations (60) give H 456 and F µν ,
Thus, under the ansatz (61), solutions to (54)-(59) and (60) are written as 
where m is an arbitrary constant 3 . This formula includes additional one parameter m comparing to the formula obtained by r −1 Tr transformation [17] . Now the problem of finding the solutions to G 2 T equations reduced to that of finding the solutions to the torsion free equations(62)-(65).
It should be noticed that the torsion free equations were investigated in the study of Ricci-flat metrics with G 2 holonomy [10] . It was proved [25] that there exist the solutions with a collapsing S 1 for the torsion free equations (62)
-(65).
A regular solution to (62)- (65) representing a Ricci-flat metric with G 2 holonomy is known [2] ,
where r is defined by dt = 
These solutions include two free parameters l and k 4 . When k = 0, the solution reduces to the Ricci-flat metric with G 2 holonomy. The parameter r is lager than 3l by a regular condition and the other parameter k represents deformation from the Ricci-flat metric.
The metric (77) is an ALC(Asymptotically Locally Conical) metric and the Riemannian tensor is non-singular in the region 3l ≤ r < ∞. Further the scalar curvature R, F 2 = , which corresponds to T-dual transformation. 4 For m = k + 1, the equation (77) is also obtained by solution-generating method [17] .
H µνρ H µνρ are finite but their integrations diverge. The cause of the divergence comes from higher powers of r in the volume form, √ g ∼ r 5 .
S 3 -bolt solution
From now on, we explain the reason why we can put the relation (61). The boundary condition representing a collapsing S 3 at t = 0 imposes b(t), b 3 (t) → 0 for t → 0. Indeed, the series solution around t = 0 takes the following form,
where p 1 , p 2 and p 3 are free parameters. Then the metric behaves as
Thus the metric has a removable bolt singularity (S 3 -bolt solution). The parameter p 1 is a scaling parameter and p 1 = 3 2 l for the solutions (77), while p 2 parametrizes a family of the regular solutions to (62)-(65). The remaining parameter p 3 is essentially the deformation parameter k associated with 3-form flux (70),
Actually when p 3 = 0, the flux component H 126 (t) vanishes and the corresponding solution reduces
to Ricci-flat metrics with a collapsing S 3 at t = 0 [10] . The radial functions a(t), b(t) and a 3 (t)
are independent on p 3 , which means that these functions are the same as those of the Ricci-flat metrics. On the other hand, b 3 (t) depends on p 3 so that this is different from β 3 (t) satisfying (62)-(65). Namely b 3 (t) is only deformed by the 3-form flux and hence we can take the form (61).
It should be noticed that we can obtain all S 3 -bolt solutions of (54)-(59) from regular solutions of (62)-(65). In particular, the parameters p 1 = where p 1 , p 2 and p 3 are free parameters. Then the metric behaves as
When this metric has T 1,1 -bolt, p 1 and p 2 have relation ( [11] )
In the series (81), all components are deformed by the 3-form flux, which implies that the relation like (61) doesn't exist in the solution. A numerical analysis indicates that the series solution (81) is extended to large t region (see Figure 2 A Spin(7)-structure over M 8 is a principal subbundle with fiber Spin(7) of the frame bundle F(M 8 ) [18] . There is a one to one correspondence between Spin(7) structures and Spin (7) 
where {e µ , µ = 1, · · · , 8} is an orthonormal frame of the metric g = 8 µ=1 e µ ⊗ e µ . The 4-form Ψ is self-dual * Ψ = Ψ for a volume form vol = e 12···8 . The Lee form is defined by
Then, there always exists a unique connection ∇ T preserving the Spin(7) structure, ∇ T Ψ = ∇ T g = 0, with 3-form torsion [26] 
This is different from the case of G 2 , where we required an additional condition (13) . However, except for this point we have very similar supersymmetry equations associated with Abelian heterotic supergravity. The Lee form is an exact 1-form, Θ = (6/7)dΦ, and hence after identification T = H the equations are written as
which correspond to G 2 T equations. As with G 2 , we call these equations Spin(7) with torsion equations.
B. 3-Sasakian ansatz
In order to construct explicit solutions of Spin (7) with torsion equations, we will consider a special case that gives rise to ordinary differential equations and generalizes many known examples.
Let us assume the following geometrical condition for 7-dimensional manifolds. Let π : P → B be a principal SO(3)-bundle over a compact self-dual Einstein manifold (or orbifold) B. Then, it is known that the total space P admits a 3-Sasakian structure. For details on 3-Sasakian structure we refer the reader to [27] . The connection 1-forms φ i (i = 1, 2, 3) will be chosen so that the corresponding curvature 2-forms
are self-dual 2-forms on B,
which implies
and
On P the metric
is a 3-Sasakian metric. Indeed, the Killing vector fields ξ i (i = 1, 2, 3) dual to the 1-forms φ i give the characteristic vector fields of the 3-Sasakian structure satisfying the relations [ξ i , ξ j ] = ǫ ijk ξ k . Now we consider a Spin(7) structure on an 8-dimensional manifold M = R + × P . Using the 3-Sasakian structure we consider the following metric with four radial functions {a i (t)} = {a(t), b(t), c(t)} and f (t):
For this metric an orthonormal frame e µ (µ = 1, · · · , 8) is introduced by
Then the 1-forms e µ lead to a Spin(7) structure Ψ on M = R + × P given by (84). In terms of φ i , ω i and vol B we have
A straightforward computation gives
If the field strength F takes the form,
then the generalized self-dual equation (89) yields
The equation (103) gives Ricci-flat Spin(7) holonomy metrics. Some explicit solutions satisfying the boundary conditions (I)(II) are constructed in [10] [11][13] [14] with the help of numerical calculations, and further the existence of the regular solutions was analytically proved [28] . The Spin (7) with torsion case (113) 
Here, the series have four independent parameters, {a 3 , b 3 , c 3 , f 0 , h 2 } with one constraint a 3 + b 3 + c 3 = 2h 2 2 + 1/(4f 2 0 ), and higher coefficients are determined by these parameters. The series (116) can be extended to an ALC solution of (110) 
together with F 1 (r) = kℓ 2 (r − 3ℓ)(r + ℓ) (1 + k 2 ℓ 2 )(r − ℓ) 2 − 4k 2 ℓ 4 .
Here, we used a radial coordinate r (r ≥ 3ℓ) defined by dt = (r − ℓ)dr/ (r − 3ℓ)(r + ℓ).
V. CONCLUSION
We have derived G 2 T equations in Abelian heterotic supergravity theory. When a G 2 manifold is locally given by R + ×S 3 ×S 3 , the G 2 T equations are reduced to ordinary differential equations(44)-
. A numerical analysis of these equations shows that a global solution doesn't exist for the general six radial functions a i (t), b i (t) (i = 1, · · · , 3) and thus we study the reduced case, a 1 (t) =
